Abstract I use the theory of Lie groups/algebras to discuss the symmetries of crystals with uniform distributions of defects.
Introduction
The rotational symmetries of perfect crystals are the focus of the theory of crystallography, and the most basic ideas in that theory are as follows. Let L be a perfect lattice in R 3 , generated by basis vectors e 1 , e 2 , e 3 , so L ≡ {x : x = n a e a , n a ∈ Z, a = 1, 2, 3} ,
where the summation convention operates on repeated indices. Note that the choice of basis vectors is not unique; indeed, if e 1 , e 2 , e 3 is also a set of basis vectors for the lattice L, then there exists a matrix γ ∈ GL 3 (Z), with entries γ ab , a, b = 1, 2, 3, such that
(γ ∈ GL 3 (Z) if and only if each entry γ ab is an integer, and γ −1 exists, also with each entry an integer. This implies that the determinant of γ is either +1 or −1.) Then, if R is an orthogonal transformation of R 3 to itself, that rotation maps L to itself if and only if there exists γ ∈ GL 3 (Z) such that where indices in (3) range from 1 to 3, and this convention will be understood henceforward. If the basis e 1 , e 2 , e 3 is given, the set of orthogonal transformations R such that (3) holds for some γ ∈ GL 3 (Z) is the point group of L, denoted P p , where the subscript p denotes perfect crystal, and the set of matrices γ ∈ GL 3 (Z) such that (3) holds for some orthogonal transformation R is the lattice group of L relative to the given basis, denotedL p . Note that L p depends on the choice of basis, whereas P p does not. From (3)
where the set of vectors f 1 , f 2 , f 3 is dual to the basis e 1 , e 2 , e 3 in the sense that
where δ ab are the elements of the Kronecker delta. The groups P p ,L p are dual to each other in the sense that elements of the two groups are related via (4). In this paper I show that this procedure may be generalized to account for crystals with uniform distributions of defects. To do so I confine attention to crystals whose 'texture' at a point x ∈ R 3 is defined by the values a (x), a = 1, 2, 3, of three smooth 'lattice vector fields' 1 (·), 2 (·), 3 (·), which are linearly independent at each point cf. Davini [1] . This distribution of vector fields is uniform in the sense that the corresponding dislocation density tensor is constant (see later for precise definitions). In this case, it turns out that one can introduce a Lie group structure such that the lattice vector fields are right invariant with respect to the group multiplication-in continuum mechanical terms this means that there is an elastic deformation ψ = ψ(x, u), depending on a parameter u, such that
where ∇ 1 denotes the (deformation) gradient with respect to the first argument. This elastic deformation is such that, in particular,
which is where the Lie group structure appears (i.e. (7) states that the group multiplication function ψ is associative). Equation (6) is significant-it shows that crystals with uniform distributions of defects have a self similarity property determined by the dislocation density tensor (e.g. in the case where the dislocation density is zero, ψ may be chosen so that ψ(x, u) = x + u, so ∇ 1 ψ(x, u) = id, the identity tensor, and (6) implies that a (x + u) = a (x). Thus lattice vectors are constant, in this case). Therefore (6) is the generalization of the assumption, in the case of perfect crystals, that the lattice vector fields are translation invariant. Next, consider the basic assumption (in the case of perfect crystals) that one considers perfect lattices, a priori. This may be expressed as the assumption that one is to deal with sets of points obtained by flow through 'unit time' along the relevant lattice vector fields (since if a (x) ≡ e a , a = 1, 2, 3, flow through 'unit time' starting at point x 0 , along vector field a (·), requires that one solvesẋ(t) = e a , x(0) = x 0 , when t is a real parameter andẋ(t) ≡ dx dt (t) . Thus flow along the three vector fields gives the three points x 0 + e 1 , x 0 + e 2 , x 0 + e 3 , and iterating this procedure backwards and forwards gives the set of points x 0 + L, when L is the perfect lattice given by (1)). In the general case, when the crystal has non zero, uniform, dislocation density, I choose to adopt this last expression of this particular basic assumption, and note that it implies that one is dealing with structures other than perfect lattices, in general. In fact, the set of points produced in this way can be represented as a group, denote it
